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Prerequisites

Linear algebra (vectors, inner products, projections)
Multivariate random variables

Expectation



Goals

Learn how to describe the average behavior of multivariate data using the
covariance matrix



Mean of a random vector

Data x modeled as random vector X

The d-dimensional mean of a random vector X is

E (1]

B (x[d])



Mean of a random matrix

The mean of a d; x d» matrix with random entries X is

(B (X[1,1]) E(X[1.2]
E(X[2,1]) E(X[2,72]

E ()?[dl, 1]) E ()?[dl, 2])

E
E

X[, d]) |
X[2, do]

E ()"([dl, dQ])_



Linearity of expectation for random vectors and matrices

For any di-dimensional random vector X, di X d> random matrix X,
AcR™% pecR™and B € R™*%

E(A% + b) = AE(X) + b

E(AX + B) = AE(X) + B

E((A

d
=24
~ (A

E(X) + b)[/]

Proof:

E(AX + b)[i] =

X+ b)[i])
d
Z [/, 1% 0] + bl ])

[/, JJE (RU1) + bli]



Sample mean of multivariate data

The sample mean of a d-dimensional dataset X := {xq,x2,..., X} is

Do Xi

n

X =



Variance of linear combination v’ X?

For any vector v, the variance of v’ X is given by

Var (v X) =B ((v X — E(VT>"<))2)

where ¢(X) := X — E(X)



Covariance matrix

The covariance matrix of a random vector X is defined as

Y= <C(>?)c(>’2)T>

Cov (X[1],%[2]) ~ Var(%[2])

[ Var(s[1])  Cov ({1, %[2]) ---
- Cov (X[2], X[d])

| Cov (%[1],%[d]) Cov (x[2],%[d]) ---

Cov ([1], X[d])

Var (X[d]) |



Variance of linear combination v’X

Var( ) E((vx E(v x))2)
=B ((v7e(x))?)
='E (c(x)c(;)T) v
—E (VTC(>"<)C(>"<)TV>

= VTZ;(V



Cheese sandwich

Ingredients: bread, local cheese, and imported cheese

Model for price of ingredients: random vector X (cents/gram) with
covariance matrix

1 08 0
2y=108 1 0
0 0 12

Two recipes:

1. 100g of bread, 50g of local cheese, and 50g of imported cheese
2. 100g of bread, 100g of local cheese, and no imported cheese

Which has higher standard deviation?



Recipe 1

100
O1008[1]+50%[2]+50%[3] = , | [100 50 50| Xg | 50
50

1 08 O 100

= |[100 50 50] [0.8 1 0| |50

0 0 1.2 50

= 153 cents



Recipe 2

100
o100%[1]+1005)2] = .| [100 100 0] £z | 100
0

1 08 0 100

— |[100 100 0] [0.8 1 0| |100

0 0 1.2 0

= 164 cents



Sample covariance matrix

The sample covariance matrix of X := {xq, x2, . ..

n

Yx = % Z c(xi)e(x)T
i=1

X OX (X
OXnmXpel 9x[

IX[1],X[d]  9X[2],X][d]

C(Xi) =X px
XUl = {all, - xalil}

Ui[i] is the sample variance of X[i]

, Xn} is

IX[1],X[d]
IX[2],X[d]

f’i[dl

ox[i,x[j] is the sample covariance of X[i] and X[/]



Cities in Canada
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Sample variance of linear combinations

For X = {x1,...,x,} of d-dimensional data and v € RY, let
Xy = {<V7X1> D) <V>Xn>}

2
n n
1 roo1
= - vixp— — VX
n < n <
i=1 j=1
2
n n
1 - 1
= - v | xi—— Xj
n n<
i=1 j=1
n
1
T 2
=3 (v Tel)
i=1

=v' (3’ Z c(x,-)c(x,-)T> v=vlIxv

i=1



Projection onto a fixed direction
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Projection onto a fixed direction
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Projection onto a fixed direction



Sample variance = 229 (sample std = 15.1)
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Projection onto a fixed direction

2 T
ox, =V Lxv



f(v) :=vTZxv for ||v|, =1




f(v) :=vTZxv for ||v|, =1

ul
o
o

N
o
o

N
o
o

Value of quadratic form
S
o

-3 -2 -1 0 1
Angle (radians)

2




What have we learned

Covariance matrix encodes variance of any linear combination of a random
vector



