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Prerequisites

Linear algebra (orthogonal matrices, singular-value decomposition)

Ordinary least squares



Goal

Analyze coefficients of OLS estimator



Singular-value decomposition

Every A€ R™k m > k, has a singular-value decomposition (SVD)
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= Usv’T
The singular values s; > s, > --- > s, are nonnegative
The left singular vectors vz, us, ... ux € R™ are orthonormal

The right singular vectors vy, v, ... vk € R¥ are orthonormal



Linear maps

The SVD decomposes the action of a matrix A € R™*¥ on a vector
w € R¥ into:

1. Rotation
k
Viw = Z(v,-, w)e;
i=1
2. Scaling
k
SVTw = Zs,-(v,, w)e;
i=1
3. Rotation

Usviw = ZS,'(Vh w) uj
i=1



Linear maps
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Regression

Goal: Estimate response (or dependent variable)

Data: Several observed variables, known as features (or covariates,
or independent variables)



Data

Training data: (y1,x1), (y2,%2), .., (Vn, Xn), where y; € R and x; € RP

We define a response vector y € R"” and a feature matrix

X = [Xl Xp - X,,]



OLS estimator

BoLs = (XXT) _IXy
= (US2UT)tusvTy
= US2UuTusvTy
=UStvTy

(XXT)f1 X is a left inverse or pseudoinverse of X because
(XXT) ' XXT =1



Additive model

Model for MSE analysis

)7 = )?Tﬁtrue +z

Problem: Ignores that estimate is obtained from training data



Model for training data

~ T -
Ytrain - = X 5true + Ztrain

» Feature matrix X € RP*" is deterministic
» Coefficients Birue € RP are deterministic

» Noise Zipin is an n-dimensional iid Gaussian vector with zero mean
and variance o2



Maximum likelihood

Under this model, OLS is equivalent to maximum likelihood

Assume we observe Virain

Lyan(B) =

1 1 2
N
2no?) exp( 20_2’)/ta B ,

ﬂML = arg m/gx ‘Cytrain (B)
= arg mﬁax Iog L"ytrain (/B)

. 7,112
= arg mﬁm ‘ Yerain — X BHZ




Decomposition of OLS cost function

arg mﬁ!n H%rain - XTﬁH%
= arg mﬂin Hztrain - XT(ﬂ - /Btrue)H%
=arg mﬁin(ﬁ — Brrue) TXXT(B = Birue) — 22 0in X T (B — Brrue) + ZiainZtrain

= arg mﬁin (B - Btrue)TXXT(B - Btrue)*zztz_ainx_rﬁ



Quadratic component (8 — Biue) T XX (B — Burve)

Contour lines are ellipsoids centered at Sirue
C2 = (B - /Btrue)TXXT(/B - Btrue) = (6 - Btrue)TU52UT(6 - Btrue)
P
= Z 5i2(UiT(ﬁ - ﬁtrue))2
i=1

Axes of the ellipsoid are the left singular vectors

Stretch in direction of each axis is determined by singular values



(ﬁ - Btrue)TXXT(B - 6true)
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(6 - 5true) TXXT(ﬁ - ﬁtrue)
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(B — ﬁtrue) TXXT(ﬁ - ﬁtrue) - 2Zt7r-ain)<7—ﬁ
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(B — ﬁtrue) TXXT(ﬁ - ﬁtrue) - 2Zt7r-ain)<7—ﬁ
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(B — ﬁtrue) TXXT(ﬁ - ﬁtrue) - 2Zt7r-ain)<7—ﬁ
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Minima for 200 realizations
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Minima

Bots = (XXT) "' X Firain
= (XXT) XX T Berue + (XXT) 1 X Zrain
= Brrue + (XXT) X Zyrain
= Birwe + USTVT Zain

Distribution?



Linear transformations of Gaussian random vectors

Let X be a Gaussian random vector of dimension d with mean x and
covariance matrix

For any matrix A € R™*? and b € R™ j = A% + b is Gaussian with
mean Ay + b and covariance matrix AZAT (as long as it is full rank)



Minima

Bots = (XXT) ™ XFirain
= (XXT)XXT Birue + (XXT) " X Zirain
= Berue + (XXT) " X Zrain
= Birue + USTV T Zain

Distribution? Gaussian with mean Biue and covariance matrix o2US—2UT
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Conclusion

Coefficient error of OLS estimator depends on singular vectors and singular
values of feature matrix

If singular values are small, error explodes!



