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Prerequisites

Ordinary least squares (OLS)
OLS coefficient analysis
OLS training and test error analysis

Ridge regression



Gradient descent

General procedure for minimizing cost function f
Intuition: At 8 move in the steepest direction —Vf(/3)
Set the initial point 5(%) to an arbitrary value
Update

gkt .— g _p, VF (B(k)>

where «, > 0 is the step size, until a stopping criterion is met



Least squares

Let y e R", X € RP*" 3 € RP
The gradient of the least-squares cost function

78) =5 |ly = X8|, = 5y Ty + 38TXX T8y TXT 5
equals

VF(B) = XXT5 - Xy
=X(XTB~y)



Gradient descent for least squares

Gradient descent updates are

B+ — k) _ o X ( XT k) _ y>
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Initialization at origin with constant step size
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Gradient descent iterates, starting at origin
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Convergence

Condition for convergence? ‘1 — asf‘ <1

In that case

1—(1—a§)
lim g = Jim. Udiag?_, vTy

k—o00

=US™'V'y = fBois

Guaranteed by a < 2/512



Convergence rate
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If v~ 1/s? convergence of each component governed by s;/s;



Additive model (s; =1, s, = 0.1)
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Additive model (s; =1, s, = 0.1)
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Additive model (s; =1, s, = 0.1)
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Additive model (s; =1, s, = 0.1)
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Temperature prediction via linear regression
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Gradient descent for linear regression

Bad news: Convergence very slow

But, do we want to converge?



Additive model

Assume additive model for regression problem

. T ~
Yirain 1= X Btrue + Zirain

Estimate coefficients via gradient descent up to iteration k



Gradient descent iterates
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Gradient descent coefficient estimate

5 1—7k
BGD = Ud|agf:1 (1 — ’Tjk> UTﬁtrue + Ud'agjp:]_ ( S J ) Vthrain
j
Distribution? Gaussian with mean
P
Bbias = Z <]- - (]- - asj‘z)k) <Uja Btrue) uj
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and covariance matrix
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Bias

Like ridge regression, early stopping produces systematic error

p

E(ﬁtrue - BGD) = Z(l - asj2)k <Uj7 IBtrue> uj

j=1

Bias decreases with k



Variance

: o o?(1-(1—as?)*)?
Variance in direction of u; equals —
j

Small s; blow up variance of OLS

For small k and as;, (1 — asf)k ~1-— kasj2

The corresponding variance component & O.2k2a25j2

Ideal )\ achieves bias-variance tradeoff
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Temperature prediction via linear regression
» Dataset of hourly temperatures measured at weather stations all over
the US
» Goal: Predict temperature in Yosemite from other temperatures
> Response: Temperature in Yosemite
» Features: Temperatures in 133 other stations (p = 133) in 2015
> Test set: 103 measurements

» Additional test set: All measurements from 2016



Gradient-descent estimator (n = 200)
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Gradient-descent estimator (n = 200)
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Selected number of iterations
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Comparison to least squares

Average error (deg Celsius)
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Least-squares coefficients

Coefficients
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Gradient-descent coefficients

Coefficients
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Ridge-regression coefficients

Coefficients
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Comparison to ridge regression
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What have we learned

» Gradient descent converges OLS estimate

» On the way it produces a biased estimate (under linear data model
with additive noise)

» The estimate balances bias and variance from small singular values of
feature matrix, just like ridge regression!



