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Prerequisites

Calculus (complex numbers)

Linear algebra (orthogonality, basis, projections)



Signal processing

Signal: any structured object of interest (images, audio, video, etc.)

Modeled as function of space, time, etc.

Finding adequate representations is crucial to process signals effectively
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Signals as functions

We model signals as functions on an interval [a, b] C R

Inner product:

b
(x,y) =/ x(t)y (D) dt



Sinusoids

Functions that oscillate at a certain frequency:

acos(2nft + 6)

> Amplitude: a
» Frequency: f
> Time index: t
» Phase: 0

acos <27rf (t + }c) + 0) = acos (2rft + 0 + 2m)

= acos (2rft + 0)



Problem

How to represent sinusoids with same frequency but different phases?



Complex sinusoids

The complex sinusoid with frequency f € R is given by

exp(i2wft) := cos(2wft) + isin(27ft)



Complex sinusoid




Complex sinusoids
We can express any real sinusoid in terms of complex sinusoids
exp(i2mft + if) = cos(2nft + 0) + i sin(2wft + )

exp(—i2rft — i) = cos(—2xft — 0) + isin(—2xft — 0)
= cos(2nft + 0) — isin(27ft + 0)

exp(i2mft + i) + exp(—i2nft — i)
2

cos(2nft +0) =

= exp2(/0) exp(i2wft) +

exp(2—/«9) exp(—i2mft)

The phase is encoded in the complex amplitude!

Linear subspace spanned by exp(i27ft) and exp(—i2nft) contains
all real sinusoids with frequency f



Family of complex sinusoids on [0, T]

27 kt
qbk(r)::exp(”; ) kez,

1ol =vT

If j # k, ¢j and ¢y are orthogonal



Proof

T

(O, Dj) = i (t) ¢ (t)dt

0

/T </27T(k t) <i2ﬂ'(—j
= exp exp —F
0
T 2 )t
/ exp i2m (k —J) ) dt
0

')t> dt



Orthogonal basis

The best approximation of a vector x as a linear combination of n
orthonormal vectors vy, ..., v, is

n

. 2
> (v)yy=arg  min [[x -yl
= yéespan{vi,...,vn}



Fourier series as a projection

The best approximation of a signal x as a linear combination of n complex
sinusoids ¢1, ..., ¢p is

> <X7 %¢k> }Tcﬁk = 23" o) o

k=1 k=1



Fourier series

The Fourier series coefficients of x € £, [0, T] are

A = (o = [ " (1) exp (—"27;“) dt

The Fourier series of order k. is defined as

ke

Pl == Y &Ko

k=—ke

The Fourier series of x is limy,__o0 Fk. {x}



Convergence of Fourier series

For any function x € £»[0, T)

Jim [[x = Fi {x}|, = 0
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Electrocardiogram

T .
20K = (o) = [ x(2)exp (—’2”“

= [X[K][ exp (&)

S—

T>dt



Electrocardiogram: Fourier coefficients (magnitude)

0.301

0.254

0.20 4

Magnitude
o
(=1
w

0.104

0.05 A

0.00 1

~60 —40 20 0 20 40
Frequency (Hz)




Electrocardiogram: Fourier coefficients (phase)

Phase (radians)
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Real valued signals

Let X[k] = ax exp (i&k) be the Fourier series coefficients of a real-valued
function x € £, [0, T]

R[—k] = /OTx(t)exp <i27;kt> dt

T .

—i2mkt

:/ x(t) exp( 177_T > dt because x is real valued
0

= %[k]

= o exp (—i&k)



Real valued signals

Component corresponding to frequency %
X[k]pk + X[—k]p—«k
. 2Tkt . 2Tkt
= ay exp (i) exp ( T ) + ay exp (—i&k) exp <— )

T
27kt /27Tkt
=ax|exp | — +&k | +exp — &k
2wkt
-9 il
o) COS < T + £k>

ke
Fi. {x} = % Z R[k]ok = a0 + = Z2ak cos (2 fk)

k=—ke




Fourier components
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Fourier series
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Electrocardiogram data
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Electrocardiogram features
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Problem: Baseline wandering
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Electrocardiogram: Fourier coefficients (magnitude)
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Filtering

Idea: Process signal by removing (or attenuating) frequency components

High-pass filtering to correct baseline wandering

_kmax

Xx% > 2[Klex

k:_kmax

1 _kthresh Kmax

Xhigh-pass = 7 Z )?[k](bk +% Z )?[k]gbk

k=—kmax k=kthresh



Electrocardiogram after high-pass filtering
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Electrocardiogram after high-pass filtering
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Problem: Electric-grid interference
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Fourier coefficients (magnitude)
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Filtering

Idea: Can we remove the interference by filtering?

Band-stop filtering

1 _kband-end 1 _kthresh
Xitered = = > flklew + 7 > K[Klok
k=—kKmax k=—Kband-ini

1 kband—ini Kmax

fod AMsctT Y Ak

k=Kthresh k=Kband-end
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Filtered electrocardiogram
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Electrocardiogram features
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What have we learned

Complex exponentials with different frequencies form an orthogonal basis
This provides a representation of signals in terms of sinusoids

We can use this representation to filter different components of signals



