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Prerequisites

Sparse regression via the lasso

Convexity

Subgradients



Additive model

ỹtrain := XTβtrue + z̃train

Goal: Gain intuition about why the lasso promotes sparse solutions



Sparse regression with two features

One true feature

ỹ := xtrue + z̃

We fit a model using an additional feature

X :=
[
xtrue xother

]T
βtrue :=

[
1
0

]



Decomposition of lasso cost function

argmin
β
‖ỹtrain − XTβ‖22 + λ ||β||1

= argmin
β

(β − βtrue)TXXT (β − βtrue)+λ ||β||1−2z̃TtrainXTβ



(β − βtrue)TXXT (β − βtrue)
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||β||1
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(β − βtrue)TXXT (β − βtrue) + λ ||β||1
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(β − βtrue)TXXT (β − βtrue) + λ ||β||1 − 2z̃TtrainX
Tβ
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(β − βtrue)TXXT (β − βtrue) + λ ||β||1 − 2z̃TtrainX
Tβ
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(β − βtrue)TXXT (β − βtrue) + λ ||β||1 − 2z̃TtrainX
Tβ
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(β − βtrue)TXXT (β − βtrue) + λ ||β||1 − 2z̃TtrainX
Tβ
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λ = 0.02
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λ = 0.2
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λ = 2
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λ = 4

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

β[1]

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

β[2] βtrue



Sparse regression with two features

Feature vectors and noise are fixed n-dimensional vectors

y := xtrue + z

We fit a model using an additional feature

X :=
[
xtrue xother

]T
βtrue :=

[
1
0

]

||xtrue||2 = ||xother||2 = 1



Sparse regression with two features

If λ satisfies ∣∣x T
otherz − ρx T

truez
∣∣

1− |ρ| ≤ λ ≤ 1+ x T
truez

then the lasso coefficient estimate equals

βlasso =

[
1+ x T

truez − λ
0

]
where ρ := x T

truexother



Lasso coefficients
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Analyzing the lasso

How do we prove this?

No closed-form solution!

Show that zero is a subgradient of lasso cost function at βlasso



Subgradients of lasso cost function

Gradient of 1
2

∣∣∣∣XTβ − y
∣∣∣∣2

2 at βlasso:

X
(
XTβlasso − y

)
Subgradient of `1 norm at βlasso if only first entry is nonzero and positive:

g`1 :=

[
1
γ

]
|γ| ≤ 1

Subgradient of lasso cost function at βlasso if only first entry is nonzero
and positive:

glasso := X
(
XTβlasso − y

)
+ λ

[
1
γ

]
|γ| ≤ 1



Subgradients of lasso cost function

glasso := X
(
XTβlasso − y

)
+ λ

1
γ


= X (βlasso[1]xtrue − xtrue − z) + λ

1
γ


=

 x T
true ((βlasso[1]− 1)xtrue − z) + λ

x T
other ((βlasso[1]− 1)xtrue − z) + λγ


=

 βlasso[1]− 1− xTtruez + λ

ρ(βlasso[1]− 1)− xTotherz + λγ





Is zero a valid subgradient?

Setting glasso = 0

βlasso[1] = 1− λ+ xTtruez

γ =
ρ+ xTotherz − ρβlasso[1]

λ

=
x T
otherz − ρx T

truez

λ
+ ρ

We need βlasso[1] ≥ 0

λ ≤ 1+ x T
truez

We need |γ| ≤ 1 ∣∣x T
otherz − ρx T

truez
∣∣

1− |ρ| ≤ λ



What have we learned?

How to analyze nondifferentiable convex cost functions using subgradients

Why the lasso works (for a very simple example)


