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Prerequisites

Sparse regression via the lasso
Convexity

Subgradients



Additive model

- ] T -
Virain = X Btrue + Zirain

Goal: Gain intuition about why the lasso promotes sparse solutions



Sparse regression with two features

One true feature
Y = Xtrue + 2
We fit a model using an additional feature

X = [Xtrue Xother] T

Btrue := |:é:|



Decomposition of lasso cost function

arg mﬂin | Farain — X T B3 + A1l

=arg mﬁgn (B = Birue) T XXT(B — Brrue) + 2 || 8], =22 i X T B
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(6 - Btrue) TXXT(B - ﬁtrue) + A HBHl

0.8

0.61 2 %9,
\
\5‘ ”

00 02 04 06 08 1.0 12 14

0.4

7, 9

\9\ O\

Al



(B - Btrue) TXXT(B - ﬁtrue) + )‘ HBHl - 22t7r;inXTﬁ

0.8

0.61

0.4

—0.41

—0.6 1

—0.8




(B - Btrue) TXXT(B - ﬁtrue) + )‘ HBHl - 22t7r;inXTﬁ

0.8

0.61 X\J@

0.4 1 .
%

B2 o LA\ Plasso ity

—0.4+
4 00.
—0.6- \/
500
—-0.8

00 02 04 06 08 10 12 14

Al



(6 - ﬁtrue) TXXT(ﬁ - ﬁtrue) + )‘ HB’ |1 - QEtZ;inXTB

0.8 7~

S
[

0.61

0.4

—0.41

—0.8

5.00

00 02 04 06 08 10 12 14

Al



(B - 5true) TXXT(B - ﬁtrue) + >‘ HB’ |1 - 22t7r;inXTﬁ

0.8

0.61

0.4




0.02

\ =

0.8

°
[ X)
- [ X
o.ooo
srva
.”n~oo
(Y i
e o
© ¥ 94 9 9 9w © o
R S S A |
~
Q.

04 06

0.2

10 12 14

0.8

0.0



0.2

0.8

0.61

—0.41

—0.61

—0.8

.00..

[
o® .* dtrue
bt am®

0.0

0.2

10 12

1.4




[ ]

—0.41

—0.61

p
/j true

—0.8

0.0

0.2

04 06 08 1.0

1.2

1.4




—0.41

—0.61

p
/j true

—0.8

0.0

0.2

1.0

1.2

1.4




Sparse regression with two features

Feature vectors and noise are fixed n-dimensional vectors

Y = Xtrue + 2

We fit a model using an additional feature

X = [Xtrue Xother] T

1
Btrue = |:0:|

HXtrueH2 = HXotherH2 =1



Sparse regression with two features

If X\ satisfies

|on_herz B pth?l—JeZ ‘

§)\§1+XTZ
1_|,0‘ true

then the lasso coefficient estimate equals

L+ x)ez— A
/Blasso:|: to :|

T
where p := X, eXother



Lasso coefficients
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Analyzing the lasso

How do we prove this?
No closed-form solution!

Show that zero is a subgradient of lasso cost function at ()ass0



Subgradients of lasso cost function
. 2
Gradient of % HXTB — yH2 at Blasso:
X <XT/8|asso - y)
Subgradient of /1 norm at fBasso if only first entry is nonzero and positive:

1
8t = [’Y] h/| <1

Subgradient of lasso cost function at ()¢5, if only first entry is nonzero
and positive:

1
8lasso := X (XTﬁlasso _y> + A |:,7:| |’Y| <1



Subgradients of lasso cost function

1
8lasso = X (XTBIasso _Y) + A |: ]
~

1
=X (ﬁlasso[l]xtrue — Xtrue — Z) + A |: ]
~

Xehe ((Blassol1] — 1)Xtrue — 2) + A
| Xother ((Biasso[1] — 1)xtrue — 2) + Ay
Biasso[l] = 1 — Xhuez + A
| P(Basso[1] = 1) = XgnerZ + A7




Is zero a valid subgradient?

Setting Glasso = 0

/Blasso[]-] =1-A+ Xt—ll'_uez
o P + Xo—,t_herz - plglasso[l]

7= )

T T
XotherZ — PXtrueZ

A

We need /Blasso[]-] >0
A<1+ Xt;’;ez

We need |7| <1

T
Xother

1—|pl

T
Z— pXtrueZ|

<A



What have we learned?

How to analyze nondifferentiable convex cost functions using subgradients

Why the lasso works (for a very simple example)



