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Prerequisites

Ordinary least squares (OLS)

Ridge regression



Sparse regression

Linear regression is challenging when the number of features p is large

Possible solution: Select subset of relevant features Z C {1,..., p}, so that

y~ Y Blix[i]

ieT
Problem: How do we find this subset?

Equivalently, how do we find a sparse coefficient vector 3 € R such that

y =~ (x, )



Toy problem

Find t such that

Ve !

is sparse

Equivalently, find arg ming ||v¢||,

t—1
t—1



Zo ‘norm"

Number of nonzero entries in a vector
Is this a norm?

All norms are homogeneous, ||ax|| = a/||x|| for any x and any scalar a > 0
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7 2|xlo



?
VtHo
blem: ||

pro

Toy

Vg o



[Ivello -

Toy problem: ||v¢||,?

1.4

1.2

04 06 038

0.2

0

—-0.4 -0.2



Alternative strategy

Minimize an actual norm

[Ix[]y =
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Toy problem
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Sparse linear regression

Find a small subset of useful features
Model selection problem

Two objectives:
» Good fit to the data; HXTB — sz should be as small as possible

» Using a small number of features; /3 should be as sparse as possible



The lasso

Uses £1-norm regularization to promote sparse coefficients
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Temperature prediction via linear regression

» Dataset of hourly temperatures measured at weather stations all over
the US

» Goal: Predict temperature in Jamestown (North Dakota) from other
temperatures

> Response: Temperature in Jamestown
» Features: Temperatures in 133 other stations (p = 133) in 2015
» Test set: 103 measurements

» Additional test set: All measurements from 2016



Ridge-regression coefficients

Coefficients
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Ridge regression n := 135

1.5
—— WolfPoint, MT
1o —— Aberdeen, SD
’ —— Buffalo, SD
0.5 -
w0
2
C
2 0.0+
)
b=
[}
o
O -0.5
-1.01
-1.5-
1071 10° 10! 102 103 104 10° 108

Regularization parameter (A/n)



Lasso n:= 135
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Lasso n:

Average error (deg Celsius)
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Lasso n:= 135
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Ridge-regression coefficients

Coefficients
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Lasso coefficients

Coefficients
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Results

Average error (deg Celsius)
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What have we learned

» Sparse regression is the problem of fitting a linear model that includes
only a subset of relevant features

» Regularization based on £; norm makes it possible to do this
automatically!



