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Goal

Review of coefficient analysis for OLS, ridge regression, and early stopping



Ordinary least squares

Ridge regression

Early stopping



Model for training data

ỹtrain := XTβtrue + z̃train

I Feature matrix X ∈ Rp×n is deterministic

I Coefficients βtrue ∈ Rp are deterministic

I Noise z̃train is an n-dimensional iid Gaussian vector with zero mean
and standard deviation σ := 0.2



Example

ỹtrain := XTβtrue + z̃train = XT

1
1

+ z̃train

X :=
[
x1 x2 · · · xn

]
= USV T

Σ{x1,...,xn} = XXT = US2U =

1 0

0 1

1 0

0 0.01

1 0

0 1


Σz̃train = 0.04I



Decomposition of OLS cost function

arg min
β
‖ỹtrain − XTβ‖22

= arg min
β
‖z̃train − XT (β − βtrue)‖22

= arg min
β

(β − βtrue)TXXT (β − βtrue)− 2z̃TtrainX
T (β − βtrue) + z̃Ttrainz̃train

= arg min
β

(β − βtrue)TXXT (β − βtrue)−2z̃TtrainXTβ
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Quadratic component (β − βtrue)
TXXT (β − βtrue)

Contour lines?
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(β − βtrue)
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(β − βtrue)
TXXT (β − βtrue)− 2z̃TtrainX
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(β − βtrue)
TXXT (β − βtrue)− 2z̃TtrainX
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(β − βtrue)
TXXT (β − βtrue)− 2z̃TtrainX
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Minima for 200 realizations
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Minima

β̃OLS = (XXT )−1Xỹtrain

= (XXT )−1XXTβtrue + (XXT )−1X z̃train

= βtrue + (XXT )−1X z̃train

= βtrue + US−1V T z̃train

Distribution?
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Linear transformations of Gaussian random vectors

Let x̃ be a Gaussian random vector of dimension d with mean µ and
covariance matrix Σ

For any matrix A ∈ Rm×d and b ∈ Rm ỹ = Ax̃ + b is Gaussian with
mean Aµ+ b and covariance matrix AΣAT (as long as it is full rank)



Minima

βOLS = (XXT )−1Xỹtrain

= (XXT )−1XXTβtrue + (XXT )−1X z̃train

= βtrue + (XXT )−1X z̃train

= βtrue + US−1V T z̃train

Distribution?

Gaussian with mean

βtrue =
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and covariance matrix
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Ordinary least squares

Ridge regression

Early stopping



Decomposition of ridge-regression cost function

arg min
β
‖ỹtrain − XTβ‖22 + λ‖β‖22

= arg min
β

(β − βtrue)TXXT (β − βtrue)+λβTβ−2z̃TtrainXTβ
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Quadratic component (β − βtrue)
TXXT (β − βtrue) + λβTβ

Contour lines? To simplify notation a := β[1], b := β[2]

c2 = (β − βtrue)TXXT (β − βtrue) + λβTβ
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(β − βtrue)
TXXT (β − βtrue) + λβTβ
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(β − βtrue)
TXXT (β − βtrue) + λβTβ − 2z̃TtrainX

Tβ
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Ridge-regression coefficient estimate

β̃RR =
(
XXT + λI
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Ordinary least squares

Ridge regression

Early stopping



Initialization at origin with constant step size

β(k+1) = β(k) − αX
(
XTβ(k) − y

)
=
(
I − αXXT

)
β(k) + αXỹ

β(0) =

0

β(1) =

αXy

β(2) =

(
I − αXXT

)
β(1) + αXy

=
(
I − αXXT

)
αXy + αXy

β(3) =

(
I − αXXT

)
β(2) + αXy

=
(
I − αXXT

)2
αXy +

(
I − αXXT

)
αXy + αXy

β(k+1) =

k∑
i=0

(
I − αXXT

)i
αXy
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Gradient descent iterates, starting at origin
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Additive model (s1 = 1, s2 = 0.1)
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Additive model (s1 = 1, s2 = 0.1)
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Additive model (s1 = 1, s2 = 0.1)
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Additive model (s1 = 1, s2 = 0.1)
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Gradient descent coefficient estimate
At iteration k

β̃GD =

 1 − (1 − α)k+1

1 − (1 − 0.01α)k+1


+

1 − (1 − α)k 0

0 100
(
1 − (1 − 0.01α)k

)
Xz̃train

Distribution?

Gaussian with mean

βbias :=

1− (1− α)k 0

0 1− (1− 0.01α)k

βtrue
and covariance matrix

ΣGD :=

0.04 (1− (1− α)k
)2 0

0 4
(
1− (1− 0.01α)k

)2
X z̃train



Gradient descent coefficient estimate
At iteration k

β̃GD =

 1 − (1 − α)k+1

1 − (1 − 0.01α)k+1


+

1 − (1 − α)k 0

0 100
(
1 − (1 − 0.01α)k

)
Xz̃train

Distribution? Gaussian with mean

βbias :=

1− (1− α)k 0

0 1− (1− 0.01α)k

βtrue
and covariance matrix

ΣGD :=

0.04 (1− (1− α)k
)2 0

0 4
(
1− (1− 0.01α)k

)2
X z̃train



k = 3

−3 −2 −1 0 1 2 3 4 5 6

β[2]

−2

−1

0

1

2

3

4

β[1]

βtrue



k = 50

−3 −2 −1 0 1 2 3 4 5 6

β[2]

−2

−1

0

1

2

3

4

β[1]

βtrue



k = 500

−3 −2 −1 0 1 2 3 4 5 6

β[2]

−2

−1

0

1

2

3

4

β[1]

βtrue



k = 3

−3 −2 −1 0 1 2 3 4 5 6

β[2]

−2

−1

0

1

2

3

4

β[1]

βbias

βtrue

10−15

10−13

10−11

10−9

10−7

10−5

10−3

10−1

101

103



k = 50

−3 −2 −1 0 1 2 3 4 5 6

β[2]

−2

−1

0

1

2

3

4

β[1]

βbias

βtrue

10−15

10−13

10−11

10−9

10−7

10−5

10−3

10−1

101



k = 500

−3 −2 −1 0 1 2 3 4 5 6

β[2]

−2

−1

0

1

2

3

4

β[1]

βbias

βtrue

10−15

10−13

10−11

10−9

10−7

10−5

10−3

10−1


	Ordinary least squares
	Ridge regression
	Early stopping

