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Goal

Review of coefficient analysis for OLS, ridge regression, and early stopping



Ordinary least squares



Model for training data

~ T -
Ytrain - = X 5true + Ztrain

» Feature matrix X € RP*" is deterministic
» Coefficients Birue € RP are deterministic

» Noise Zipin is an n-dimensional iid Gaussian vector with zero mean
and standard deviation ¢ := 0.2



Example
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Ytrain - = XTﬁtrue + Ztrain = XT ) + Ztrain
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Decomposition of OLS cost function

arg mﬁ!n H%rain - XTﬁH%



Decomposition of OLS cost function

arg mﬁ!n H%rain - XTﬁH%
= arg mﬂin Hztrain - XT(ﬂ - /Btrue)H%
=arg mﬁin(ﬁ — Brrue) TXXT(B = Birue) — 22 0in X T (B — Brrue) + ZilainZtrain

= arg mﬁin (B - Btrue)TXXT(B - Btrue)*zztz_ainx_rﬁ



Quadratic component (8 — Biue) T XX (B — Burve)

Contour lines?

C2 = (/8 - Btrue)TXXT(ﬂ - ,Btrue)



Quadratic component (8 — Biue) T XX (B — Burve)

Contour lines?
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(ﬁ - Btrue)TXXT(B - 6true)
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(6 - 5true) TXXT(ﬁ - ﬁtrue)
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(B — ﬁtrue) TXXT(ﬁ - ﬁtrue) - 2Zt7r-ain)<7—ﬁ
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(B — ﬁtrue) TXXT(ﬁ - ﬁtrue) - 2Zt7r-ain)<7—ﬁ
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Minima for 200 realizations
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Minima

Bors = (XXT) " X Frrain



Minima

Bots = (XXT) ™ X irain
= (XXT) XX T Berue + (XXT) 1 X Zrain
= Brrue + (XXT) X Zyrain
= Birwe + USTVT Zain

Distribution?



Linear transformations of Gaussian random vectors

Let X be a Gaussian random vector of dimension d with mean x and
covariance matrix

For any matrix A € R™*? and b € R™ j = A% + b is Gaussian with
mean Ay + b and covariance matrix AZAT (as long as it is full rank)



Minima

Bots = (XXT) " X Firain
= (XXT) XX Birue + (XXT) 71X Zirain
= Btrue + (XXT)_IXEtrain
= 5true + US_I VTEtrain

Distribution?



Minima

Bots = (XXT) " X Firain
= (XXT) XX Birue + (XXT) 71X Zirain
= Btrue + (XXT)_IXEtrain
= 5true + US_I VTEtrain

Distribution?

Gaussian with mean Biue = and covariance matrix
1

a2yt _ |004 0
0 4
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Ridge regression



Decomposition of ridge-regression cost function

arg min | Fiain — XTB113+ \8l13



Decomposition of ridge-regression cost function

arg min | Fiain — XTB113+ \8l13

= arg mﬂin (B — Btrue)TXXT(ﬁ - ﬁtrue)jL/\‘»))T"j_zzt—rrainXTﬁ



Quadratic component (8 — Biue) XX T (B — Buwe) + A\BT 3

Contour lines? To simplify notation a := §[1], b := ([2]

c? = (B~ Berue) " XX (B — Brrue) + AB' B



Quadratic component (8 — Biue) XX T (B — Buwe) + A\BT 3

Contour lines? To simplify notation a := §[1], b := ([2]

c? = (B~ Berue) " XX (B — Brrue) + AB' B
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(ﬁ - Btrue)TXXT(B - 6true)
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(ﬁ - Btrue)TXXT(B - 6true) + )\BTB
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(B - ﬁtrue) TXXT(ﬁ - 5true) + )\ﬁTﬁ - 22t7r—ainXTB
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(B - ﬁtrue) TXXT(ﬁ - 5true) + )\ﬁTﬁ - 22t7r—ainXTB
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(B - ﬁtrue) TXXT(ﬁ - 5true) + )\ﬁTﬁ - 22t7r—ainXTB
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Ridge-regression coefficient estimate

Brw = (XXT M) X (X7 Bue + Zin



Ridge-regression coefficient estimate

Brw = (XXT M) X (X7 Bue + Zin
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Ridge-regression coefficient estimate
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Ridge-regression coefficient estimate
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Early stopping



Initialization at origin with constant step size



Initialization at origin with constant step size

B+ = gk _ o x (XTB(k) _ y)

- (/ _ aXXT> B+ axy

5e = (/ - aXXT> 5@ 4 axy

2
- (/ - aXXT> aXy + (/ . aXXT) aXy + aXy

k1) — zk: (, _ OzXXT)iaXy

i=0



Gradient descent iterates, starting at origin




Gradient descent iterates, starting at origin
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Gradient descent iterates, starting at origin

1—(1—a)<tt 0

Blk+1) —
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Gradient descent iterates, starting at origin

1 (1 —a)ktt 0 .
B(k—H) = X(X Tﬂtrue + Ztrain)
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Additive model (s; =1, s, = 0.1)
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Additive model (s; =1, s, = 0.1)
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Additive model (s; =1, s, = 0.1)

4
0o . Gradient descent iterates
3 N
2.50
1.00
2 N
"y
Bl1] L 'ﬁtrue
{ Bovs
100 < 0.50
2.50
_1 4
5.00
—9 T
-3 —2 —1 0 1 2 3 4 5 6



Additive model (s; =1, s, = 0.1)
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Gradient descent coefficient estimate
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Gradient descent coefficient estimate

. [ 1—(1— )t ]
/BGD -
1—(1-0.0la)

At iteration k

1-(1-a) 0 .
+ XZtrain
0 100 (1 — (1 — 0.01a)")
Distribution? Gaussian with mean
1—(1—a)k 0
6bias = Btrue
0 1—(1-0.0la)k
and covariance matrix
2
0.04 (1 — (1 —a)k 0 y
Yep = ( ) o | XZerain
0 4(1-(1-0.01a)k)




‘ 5true







k =500







— 10

L 10—1

L 10—3

10—!]

10—11

10—13

10



1077

10 9

1071

10—13

101



	Ordinary least squares
	Ridge regression
	Early stopping

