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Prerequisites

Ordinary least squares (OLS)
OLS coefficient analysis

OLS training and test error analysis



Temperature prediction via linear regression
» Dataset of hourly temperatures measured at weather stations all over
the US
» Goal: Predict temperature in Yosemite from other temperatures
> Response: Temperature in Yosemite
» Features: Temperatures in 133 other stations (p = 133) in 2015
> Test set: 103 measurements

» Additional test set: All measurements from 2016



OLS coefficients

Coefficients
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Motivation

Overfitting often reflected in large coefficients that cancel out to
match the noise

Possible solution: Penalize large-norm solutions when fitting the model

Adding a penalty term to promote certain properties is called regularization



Ridge regression

For a fixed regularization parameter A\ > 0
Fre 1= argmin [ly — X785 + sl
What happens when A — 07 Srr — SBoLs

What happens when A — 00? Sgrgr — 0



Ridge regression

BRR is the solution to a modified least-squares problem
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Problem

How to calibrate regularization parameter
Should we choose that A that yields the best fit? No!

Better option: Check fit on validation data



Cross validation

Given a set of examples

<y(1),x(1>) , (y(2>7x(2)> (y<n),x(n)) :

1. Partition data into a training set Xirajn € RMreinXP y4 0 € RMrain and
a validation set X, € R™aI*P y, ., € R™Mal

2. Fit model using the training set for every A in a set A
BRR (>\) = arg mﬂin ||)/train - Xtrainﬁ“% + A ”BH%

and evaluate the fitting error on the validation set

err (A) = ||yal — XvalﬁRR(A)Hg

3. Choose the value of A that minimizes the validation-set error

Aey (= arg [\nelx err (\)



Temperature prediction via ridge regression (n = 202)
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Temperature prediction via ridge regression (n = 202)
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Ridge regression coefficients
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OLS coefficients

Coefficients

0.6 7

0.4

0.2+

0.0 1

—— Moose, WY
—— Montrose, CO
—— Lajunta, CO

200 500 1000 2000 5000
Number of training data



Regularization parameter
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Temperature prediction via ridge regression

Average error (deg Celsius)
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Additive model

- ] T -
Virain = X Btrue + Zirain

Goal: Understand how ridge regression works



Decomposition of ridge-regression cost function

arg min | Fiain — XTB113+ \8l13

= arg mﬂin (B — Btrue)TXXT(ﬁ - ﬁtrue)jL/\‘»))T"j_zzt—rrainXTﬁ



(ﬁ - Btrue)TXXT(B - 6true)
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(ﬁ - Btrue)TXXT(B - 6true) + )\BTB
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(B - ﬁtrue) TXXT(ﬁ - 5true) + )\ﬁTﬁ - 22t7r—ainXTB
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(B - ﬁtrue) TXXT(ﬁ - 5true) + )\ﬁTﬁ - 22t7r—ainXTB
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(B - ﬁtrue) TXXT(ﬁ - 5true) + )\ﬁTﬁ - 22t7r—ainXTB
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Ridge-regression coefficient estimate

(xxT+ )\I>_1 X (X "Birve + Fiain)

= (us2u™ +awu ) (USPUT Bugue + USV " Ziain)
= (us*+anu )_ (USPUT Bugue + USV " Ziain)

— US>+ A)TUT (U52UTﬁtme+ usv ztram)

= U(S? + M) 1 S2UT Byue + U (S M) TSV T 2



Ridge-regression coefficient estimate

Brr = U(S% + M) 1S2UT Byye + U (S2+ M) SV T By

Distribution? Gaussian with mean

Brias 1= sz 5 {4 Pirue) <Zj7 Prre) uj
si+A

Jj=1

and covariance matrix
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Bias

In contrast to OLS, ridge regression produces systematic error

P ()\ <Uj7ﬁtrue> S <‘/J"E(2train)>> uj

2 2
sj+)\ sj+>\

E(/Btrue - BRR) = Z

Jj=1

_zp:)‘ Uja/Btrue .
s + A Y

Bias grows with A, so what's the point?



Variance

2
. . . . i g i
Variance in direction of u; equals (C25)a
Small s; blow up variance of OLS

If A>> s?, then the variance ~ 0%s?/\? < 02/s? if s; small

Ideal )\ achieves bias-variance tradeoff



A = 0.005
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A =0.05
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BRR
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What have we learned

> Ridge regression prevents overfitting by penalizing large linear
coefficients

» This produces a biased estimate (under linear data model with
additive noise)

» Regularization parameter balances bias and variance from small
singular values of feature matrix



