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Prerequisites

Calculus (complex numbers)

Linear algebra (orthogonality, basis, projections)

Fourier series



Sampling

Signals often model continuous objects
Challenge: How to measure them so that they can stored/processed
A common way is sampling their values at specific locations

Crucial question: Are we losing any information?



Sampling a complex sinusoid

We sample a complex sinusoid ¢ (t) := exp (2ZX) in [0, T) at N
equidistant locations

o0, T 2T (N-1)T
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Can we distinguish it from complex sinusoids with other
frequencies?




Sampling a complex sinusoid




Sampling a complex sinusoid

These frequencies yield the same samples:

k—2N k—N k k+N k+2N
" T1 TvTv T1 Tr

N—-1-

—v

Can we at least distinguish between 0, %



Discrete complex sinusoids

Recall ¢ (%) = exp (izgﬂT> = exp (%)

The discrete complex sinusoid 1, € CN with frequency k is
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Inner product between discrete sinusoids
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The discrete complex sinusoids form an orthogonal basis of CV



Bandlimited signals

A bandlimited signal cut-off frequency k./ T is equal to its Fourier series
of order k.

ke

x(¢) :% S %[k]exp ("27;“)

k=—ke

Bandlimited signals have a finite representation (2k. + 1 coefficients)



Sampling a bandlimited signal on a uniform grid

Bandlimited signal x measured at N equispaced points in interval T

) x (3F), ooy x (50T)
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Samples: x (3), x (



Sampling a bandlimited signal on a uniform grid

Using Fourier series

Vector of samples equals
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Sampling a bandlimited signal on a uniform grid

K
1 ~ .

XN =T § Rk
k=—ke

We can recover the coefficients X7 under 2 conditions:

1. There are more equations than unknowns N > 2k, + 1

2. Yk, V—ket1s -y Yko—1, Pk, are linearly independent



Sampling a bandlimited signal on a uniform grid

Let N =2k . +1
In that case
Vji—ke = Yj—ketN
= wkc‘i’l‘i’j
In that case ¥_k_, Yk 41, ..., ¥_1 are Y41, Y42, -1 YN-1

SO Yk, Ykt -+ o0 Vke—1, Vi, are o, Y1, ..., Yy_2, Yn-1

They are all orthogonal!



Sampling a bandlimited signal on a uniform grid

How do we recover the Fourier coefficients assuming N = 2k, + 17

X(N] = T Z Xtk

k=—k¢
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Nyquist-Shannon-Kotelnikov sampling theorem

Any bandlimited signal x € £»[0, T'), where T > 0, with cut-off
frequency k./ T can be recovered exactly from N uniformly spaced
samples x (0), x(T/N), ..., x(T — T/N) as long as

N > 2k + 1,

where 2k, + 1 is known as the Nyquist rate

The Fourier series coefficients X are recovered by computing

-
Ry = m (X(n)s k)



Audio

Range of frequencies that human beings can hear is from 20 Hz to 20 kHz
At what frequency should we sample (at least)?

Typical rates used in practice: 44.1 kHz (CD), 48 kHz, 88.2 kHz, 96 kHz



Sampling a real sinusoid

Consider a real sinusoid with frequency equal to 4 Hz

x(t) := cos(87t)
= 0.5 exp(—i27w4t) + 0.5 exp(i27w4t)

measured over one second, i.e. T =1s
What is the cut-off frequency k—TC? 4 Hz

Number of required samples N? 2k, +1 =9
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Recovery

N =10, so ©¥_4, ¥_3, ..., 13, Y4 are orthogonal

-
£ = - ()

crec 1
R"[—4] = 9 (0.5¢_4 + 0.5¢4,9%_4) = 0.5
srec 1
X [4] = 5 <0.5¢,4 + 0.5¢4,w4> =0.5
1
Rlk] = 9 (0.5¢_4 + 0.5¢4,10k) =0 ke {-3,-2,-1,0,1,2,3}



Recovered Fourier coefficients (N = 10)
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What if N =5 and we assume (mistakenly) k. = 27

Remember that 9y pny = Yky5p = Y for any p, so

0
1
X[5] = X.(5) = 0.5'lp_4 + 05¢4 = 05¢1 + 0.51/1_1



What if N =5 and we assume (mistakenly) k. = 27

R[k] = <X[N] k)

gree[ 0] — % (050 +0.5¢_1,1_2) = 0

gree[_1] = % (0.5 + 0.50_1,1_1) = 0.5
greeo] = % (0.5 + 0.5¢1, 1) — 0
gree[1] = % (0501 + 0501, 1) =
$7[2] = £ {0501 + 0501, 42) = 0



Recovered Fourier coefficients (N = 5)
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Recovered signal (N = 5)

x"C(t) = R [—1] exp(—27t) 4+ K"*°[1] exp(27t)
= cos(27t) # cos(8nt) Aliasing!



Recovered signal (N = 5)
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Aliasing
Let x be a signal with cut-off frequency kirye/ T

We measure x(y;, N samples of xat0, T/N,2T/N,... T —T/N

What happens if we recover the signal assuming it is bandlimited with
cut-off freq ksamp/ T, N = 2ksamp + 1, but actually kirye > Ksamp !
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Electrocardiogram: Fourier coefficients (magnitude)
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Sampling an electrocardiogram

Signal is approximately bandlimited at k—f =50 Hz
T =8s,s0 ke =50T =400

To avoid aliasing N > 801



Recovered Fourier coefficients (N=1,000)
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Recovered signal (N=1,000)
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Sampling an electrocardiogram

We mistakenly assume that the signal is approximately bandlimited at
around 40 Hz so k. = 312 and N = 625

x"e[k] = > X[m]

{(m—k) mod 625=0}

Component at m = £400 (50 Hz) shows up at £225 (28.1 Hz)



Recovered Fourier coefficients (N = 625)
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Recovered signal (N = 625)
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What have we learned

Definition of orthogonal basis of discrete complex sinusoids
How to recover bandlimited signals from a finite number of samples

That insufficient sampling leads to aliasing



