
Short-Time Fourier Transform

DS-GA 1013 / MATH-GA 2824 Mathematical Tools for Data Science

Carlos Fernandez-Granda



Prerequisites

Fourier series

Discrete Fourier transform

Windowing



Speech signal
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Challenge: Characterize how frequency components change over time



Fourier series
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First segment or window signal, then compute Fourier series / DFT



Short-time Fourier transform

1. Segment in overlapping intervals of length `

2. Multiply by window vector

3. Compute DFT of length `



Signal
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DFT of signal
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Hann window

100 75 50 25 0 25 50 75 100
Time

0.0

0.2

0.4

0.6

0.8

1.0



Windowed signal
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DFT of Hann window
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DFT of windowed signal
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Short-time Fourier transform

The short-time Fourier transform of x ∈ CN is

STFT[`](x)[k , s] :=
〈
x , ξ
↓ s(1−αov)`
k

〉
, 0 ≤ k ≤ `− 1, 0 ≤ s ≤ N − 1

(1− αov)`
,

ξk [j ] :=

{
w[`][j ] exp

(
i2πkj
`

)
if 1 ≤ j ≤ `

0 otherwise

Overlap between adjacent segments equals αov`



k = 3 s = 2 (N := 500, ` := 128, αov := 0.5)

Basis vector
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k = 3 s = 3 (N := 500, ` := 128, αov := 0.5)

Basis vector
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k = 8 s = 2 (N := 500, ` := 128, αov := 0.5)

Basis vector
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k = 23 s = 6 (N := 500, ` := 128, αov := 0.5)

Basis vector
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Matrix representation of STFT



F[`]
0 0 0 0 · · ·
0 0 0 0 · · ·

0 0 F[`]
0 0 · · ·

0 0 0 0 · · ·
0 0 0 0 F[`]

· · ·
0 0 0 0 · · ·
· · · · · · · · · · · · · · · · · · · · ·





diag
(
w[`]

) 0 0 · · ·
0 0 · · ·

0
diag

(
w[`]

) 0 · · ·
0 0 · · ·
0 0

diag
(
w[`]

) · · ·
0 0 · · ·
· · · · · · · · · · · · · · ·


x



Inverting the STFT

Apply inverse DFT to each segment

Combine segments



Speech signal
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Spectrogram (window length = 62.5 ms)
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Complexity

Number of segments: nseg := N
(1−αov)`

Complexity of multiplication by window: nseg`

Complexity of applying DFT: nseg` log ` (FFT)

Total complexity: O(N log `) (overlap is a fixed fraction)



What have we learned

Definition of short-time Fourier transform and spectrogram


