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Prerequisites

Linear regression

Discrete Fourier transform

Linear translation-invariant models and convolution

Stationary signals and PCA



Signal estimation

Goal: Estimate N-dimensional signal ỹ from N-dimensional measurements
x̃

Optimal estimate? (in terms of MSE) E (ỹ | x̃)

Linear estimate?



Linear MMSE
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Decouples into separate linear regression problems

Σ−1
x̃ (Σx̃ ỹ )j = arg min

Bj

E
[
(ỹ [j ]− x̃TBj)

2
]

Σ−1
x̃ Σx̃ ỹ = arg min

B
E
(∣∣∣∣∣∣ỹ − BT x̃

∣∣∣∣∣∣2
2

)

Σx̃ ỹ := E
(
x̃ ỹT

)
=


E(x̃ [1]ỹ [1]) E(x̃ [1]ỹ [2]) · · · E(x̃ [1]ỹ [N])
E(x̃ [2]ỹ [1]) E(x̃ [2]ỹ [2]) · · · E(x̃ [2]ỹ [N])

· · ·
E(x̃ [N]ỹ [1]) E(x̃ [N]ỹ [2]) · · · E(x̃ [N]ỹ [N])





Problem

Covariance and cross-covariance matrices are N × N

Σ−1
x̃ Σx̃ ỹ = arg min

B
E
(∣∣∣∣∣∣ỹ − BT x̃

∣∣∣∣∣∣2
2

)

For images, audio, and other signals, N is at least 104 (and often ≥ 106)...

Fortunately, these signals often have translation-invariant statistics



Stationary signals

x̃ is wide-sense or weak-sense stationary if

1. it has a constant mean

E (x̃ [j ]) = µ, 1 ≤ j ≤ N

2. there is an autocovariance function ax̃ such that

Cov (x̃ [j1]x̃ [j2]) = acx̃(j2 − j1 modN), 0 ≤ j1, j2 ≤ N − 1

Σx̃ =
[
ax̃ a ↓1x̃ a ↓2x̃ · · · a ↓N−1

x̃

]
=

1
N
F ∗ diag(âx̃)F

But what about Σx̃ ỹ?



Joint stationarity

x̃ and ỹ are jointly wide-sense or weak-sense stationary if

1. they are each wide-sense or weak-sense stationary

2. there is a function ccx̃ ,ỹ such that

E (x̃ [j1]ỹ [j2]) = ccx̃ ỹ (j2 − j1 modN), 0 ≤ j1, j2 ≤ N − 1

i.e. they have translation-invariant cross-covariance



Cross-covariance

ccx̃ ỹ is the cross-covariance of x̃ and ỹ

Σx̃ ỹ := E
(
x̃ ỹT

)
=
[
cx̃ ỹ c ↓1x̃ ỹ c ↓2x̃ ỹ · · · c ↓N−1

x̃ ỹ

]

=


ccx̃ ỹ (0) ccx̃ ỹ (N − 1) · · · ccx̃ ỹ (1)
ccx̃ ỹ (1) ccx̃ ỹ (0) · · · ccx̃ ỹ (2)
ccx̃ ỹ (2) ccx̃ ỹ (1) · · · ccx̃ ỹ (3)

· · ·
ccx̃ ỹ (N − 1) ccx̃ ỹ (N − 2) · · · ccx̃ ỹ (0)



cx̃ ỹ :=


ccx̃ ỹ (0)
ccx̃ ỹ (1)
ccx̃ ỹ (2)
· · ·

ccx̃ ỹ (N − 1)





Eigendecomposition of circulant matrix

C :=
[
h h ↓1 h ↓2 · · · h ↓N−1]

=
1
N
F ∗ diag(ĥ)F

where F is the DFT matrix and ĥ is the DFT of the first column

Σx̃ ỹ =
[
cx̃ ỹ c ↓1x̃ ỹ c ↓2x̃ ỹ · · · c ↓N−1

x̃ ỹ

]
=

1
N
F ∗ diag(ĉx̃ ỹ )F



Linear MMSE estimate for stationary signals

Σx̃ =
1
N
F ∗ diag(âx̃)F

Σx̃ ỹ =
1
N
F ∗ diag(ĉx̃)F

Σ−1
x̃ Σx̃ ỹ =

(
1
N
F ∗ diag(âx̃)F

)−1 1
N
F ∗ diag(ĉx̃)F

=
1
N
F ∗ diag(â−1

x̃ )F
1
N
F ∗ diag(ĉx̃)F

=
1
N
F ∗ diag(â−1

x̃ ĉx̃)F



Linear MMSE estimate for stationary signals

The optimal linear estimate weights each Fourier coefficient separately

ỹest = ΣT
x̃ỹΣ−1

x̃ x̃

=
1
N
F ∗ diag(â−1

x̃ ĉx̃)F x̃

Weights depend on statistics of Fourier coefficients of measurements and
signal



Covariance of Fourier coefficients of measurements

Σx̃F := E (F x̃(F x̃)∗)

= FE
(
x̃ x̃T

)
F ∗

= FΣx̃F
∗

= F
1
N
F ∗ diag(âx̃)FF ∗

= N diag(âx̃)

âx̃ [k] =
Var(x̃F [k])

N
, 0 ≤ k ≤ N − 1



Cross-covariance of Fourier coefficients of signal and
measurements

Σx̃F ỹF := E (F x̃(F ỹ)∗)

= FE
(
x̃ ỹT

)
F ∗

= FΣx̃ ỹF
∗

= F
1
N
F ∗ diag(ĉx̃)FF ∗

= N diag(ĉx̃)

ĉx̃ ỹ [k] =
Cov(x̃F [k], ỹF [k])

N
, 0 ≤ k ≤ N − 1



Linear MMSE estimate for stationary signals

Σ−1
x̃ Σx̃ ỹ =

1
N
F ∗ diag(â−1

x̃ ĉx̃)F

=
1
N
F ∗ diagN−1

k=0

(
Cov(x̃F [k], ỹF [k])

Var(x̃F [k])

)
F



Wiener filter

Let x̃ and ỹ be zero-mean and jointly stationary

The linear estimate of ỹ given x̃ that minimizes MSE as the convolution
of x̃ with the Wiener filter w , defined by

ŵ [k] :=
Cov(x̃F [k], ỹF [k])

Var(x̃F [k])
, 0 ≤ k ≤ N − 1

where x̃F and ỹF denote the DFT coefficients of x̃ and ỹ , and

Cov(x̃F [k], ỹF [k]) := E
(
x̃F [k]ỹF [k]

)
Var(x̃F [k]) := E

(
|x̃F [k]|2

)
, 0 ≤ k ≤ N − 1



Denoising

Measurements

x̃ = ỹ + z̃ ,

where z̃ is zero-mean Gaussian noise with variance σ2, independent of ỹ



Noise

Linear transformation Az̃ of a Gaussian vector with mean µ and covariance
matrix Σ is Gaussian with mean Aµ and covariance matrix AΣA∗

Fourier coefficients of noise are Gaussian with zero mean and covariance
matrix Fσ2IF ∗ = Nσ2I (iid Gaussian with variance Nσ2)



Wiener filter

Cov(x̃F [k], ỹF [k]) = E
(
x̃F [k]ỹF [k]

)
= E

(
ỹF [k]ỹF [k]

)
+ E

(
z̃F [k]ỹF [k]

)
= Var (ỹF [k])

Var(x̃F [k]) = Var (ỹF [k]) + Var (z̃F [k])

= Var (ỹF [k]) + Nσ2

ŵ [k] =
Var (ỹF [k])

Var (ỹF [k]) + Nσ2 , 0 ≤ k ≤ N − 1



Audio data
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Audio data: Variance of Fourier coefficients
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Wiener filter: σ = 0.02
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Wiener filter: σ = 0.1
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Wiener filter: σ = 0.5
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Example: σ = 0.1
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Example: σ = 0.1
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Example: σ = 0.5
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Example: σ = 0.5
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Image data



Image data: Variance of Fourier coefficients
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Wiener filter: σ = 0.04

Frequency Space
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Wiener filter: σ = 0.1
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Wiener filter: σ = 0.2
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Example: σ = 0.04

Clean Noisy Denoised

50 0 50
k2

75

50

25

0

25

50

75

k 1

10 3

10 2

10 1

100

101

102

103

104

50 0 50
k2

75

50

25

0

25

50

75

k 1

10 3

10 2

10 1

100

101

102

103

104

50 0 50
k2

75

50

25

0

25

50

75

k 1

10 3

10 2

10 1

100

101

102

103

104



Example: σ = 0.1

Clean Noisy Denoised
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Example: σ = 0.2
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What have we learned?

Under stationarity assumptions, optimal linear estimation reduces to
estimating each Fourier coefficient separately

This is equivalent to convolution with a fixed Wiener filter, which does not
adapt to individual signals


