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Prerequisites

Linear regression
Discrete Fourier transform
Linear translation-invariant models and convolution

Stationary signals and PCA



Signal estimation

Goal: Estimate N-dimensional signal y from N-dimensional measurements

X

Optimal estimate? (in terms of MSE)  E (7 |X)

Linear estimate?



Linear MMSE

N
oo o7 ) =35 (- 579
Decouples into separate linear regression problems
T (Tiy)j = argmin B |(70] - 7 8,)°)
;e = argmin B <Hy - BB?HE)
E(x[1]y[1]) E(X[1]y[2]) --- E(X[1]y[N])
Fy o (7) | BCEID ERESE) -- BEIN)

E(x[Ny[]) E(X[N]y2]) --- E(X[N]Y[N])



Problem

Covariance and cross-covariance matrices are N x N

z;lz;y = arg mBinE (H? - B'x

2
)
For images, audio, and other signals, N is at least 10* (and often > 10°)...

Fortunately, these signals often have translation-invariant statistics



Stationary signals

X is wide-sense or weak-sense stationary if

1. it has a constant mean
BEN) =p 1<j<N
2. there is an autocovariance function as such that

COV ()N(Lll])?ng]) = ac;((jg —j1 mod N), 0 Sjl,jz S N-—-1
1y = [a; il af? ---a;fN_l]
= L diag(32)F
=N iag(8z)

But what about X357



Joint stationarity

X and y are jointly wide-sense or weak-sense stationary if
1. they are each wide-sense or weak-sense stationary

2. there is a function ccg j such that
E(%[a]y[2]) = cezp(z —jpmod N), 0<j1,p <N -1

i.e. they have translation-invariant cross-covariance



Cross-covariance

cCgy is the cross-covariance of X and y

Yo =B (577)
=[os o o ol
CC;y(O) CC;y(A/—-l)
cczy(1) cczy(0)
= CC;y(Q) CC;y(l)
CC;d,(N — 1) CC;@,(N — 2)
cczy(0)
cczy(1)
C;y = CC;y(2)

Cng(l)
ccxy(2)
cczy(3)

ccxy(0)



Eigendecomposition of circulant matrix

Ci=[h h¥ A2 ... pIN-T]

1 A
= NF* diag(h)F

where F is the DFT matrix and h is the DFT of the first column



Linear MMSE estimate for stationary signals

1
NF* diag(a;* CX)



Linear MMSE estimate for stationary signals

The optimal linear estimate weights each Fourier coefficient separately
yest — z;—yzglf(’
1 PP DN
= NF* diag(4; 1 &) FX

Weights depend on statistics of Fourier coefficients of measurements and
signal



Covariance of Fourier coefficients of measurements

Y5 = B(FX(FX)")
= FE (5x7) F*
= FYiF*
1
— FF* diag(az)FF"
= Ndiag(4x)

Var(Xr[k])

azlk] = N ,

0<k<N-1



Cross-covariance of Fourier coefficients of signal and
measurements

Yieye = E(FX(Fy)")
= FE (77) F*
= FYgyF*
1
— FF" diag(&x) FF*
= Ndiag(¢&)

Cov(%e[k], 7r[])
N :

6;)7[/(]: 0<k<N-1



Linear MMSE estimate for stationary signals

1
Y 1Yy = —F*diag(a; &) F

N
1 Cov(%[K]. 7¢[K)

NF*diagQ':_o1< Var(%e[k]) >F




Wiener filter

Let X and y be zero-mean and jointly stationary

The linear estimate of y given X that minimizes MSE as the convolution
of X with the Wiener filter w, defined by

wlk] = Cov\gf ([:l’[Z]F)[kD, 0<k<N-1

where Xr and yr denote the DFT coefficients of X and y, and
Cov(ze[K], 7r[K]) = B (%e KI7[K])

Var(3¢[k]) .= E <|>"<F[k]]2) , 0<k<N-1



Denoising

Measurements
X=y+2Z

where 7 is zero-mean Gaussian noise with variance o2, independent of j



Noise

Linear transformation AZ of a Gaussian vector with mean p and covariance
matrix ¥ is Gaussian with mean Ap and covariance matrix AXA*

Fourier coefficients of noise are Gaussian with zero mean and covariance
matrix Fo?IF* = No?/ (iid Gaussian with variance No?)



Wiener filter

Cov(%e[K], 7¢[K]) = E (%¢[KI7r[K])
= B (7e[KI7IK]) + B (2 [K7F[K)
= Var (Jrk])
Var(Xg[k]) = Var (ye[k]) + Var (Ze[k])
= Var (ye[k]) + No?

aii = VarGelk)

= 0<k<N-1
Var (yr[k]) + No?’ -




Audio data
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Audio data: Variance of Fourier coefficients
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Wiener filter: o = 0.02
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Wiener filter: 0 = 0.1
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Wiener filter: 0 = 0.5
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Example: ¢ = 0.1
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Example: ¢ = 0.1
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Example: ¢ =0.5
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Example: ¢ = 0.5
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Image data




Image data: Variance of Fourier coefficients
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Wiener filter: 0 = 0.04
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Wiener filter: 0 = 0.1

Frequency

Space

0.30

0.25

0.20

0.15

0.10

0.05

0.00



Wiener filter: 0 = 0.2
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Example: o = 0.04
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Example: 0 = 0.1
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Example: 0 = 0.2
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What have we learned?

Under stationarity assumptions, optimal linear estimation reduces to
estimating each Fourier coefficient separately

This is equivalent to convolution with a fixed Wiener filter, which does not
adapt to individual signals



