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Prerequisites

Fourier series

Discrete Fourier transform
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Challenge: Characterize how frequency components change over time
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Fourier series
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First segment or window signal, then compute Fourier series / DFT
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Windowed signal
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Windowing a complex sinusoid

What happens if we window a sinusoid?

ork*j
@Z;k*[i]::exp<l7;\/'/> for0<j<N-1

What is the DFT of y := xt)«?



Windowing a complex sinusoid
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Windowing a complex sinusoid

P1K = > wlie-ll e ( 2l )

Jj=1

N . . -
2wk* 21k
:z;x[j]exp<l 7;\/ J)exp <—I ;\le)
J:




Windowing a complex sinusoid

P1K = > wlie-ll e ( 2l )

e (B2} )

N
:Zx[j]ex <

j=1
:éxb’]exp( /27T(II<V k)>




Windowing a complex sinusoid

Pk = ixmwk* []exp ( 2l )

=3 e (U5 en (-57)
Z o (1441

= X[(k = k7]

><>



Windowing a real sinusoid

What happens if we window a real sinusoid?

2mk*j
s[j]::cos(WN1>, 0<j<N
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DFT of signal
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Windowed signal
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Windowing a real sinusoid

What happens if we window a real sinusoid?

2k*

smzzcos( ) 0<j<N

What is the DFT of y := xs?
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s — x <W+¢—k>
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Windowing a real sinusoid

What happens if we window a real sinusoid?

2k*

smzzcos( ) 0<j<N

What is the DFT of y := xs?

s — x <W+¢—k>
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XY A+ X
Xs = f



Windowing a real sinusoid

What happens if we window a real sinusoid?

2k*

smzzcos( ) 0<j<N

What is the DFT of y := xs?

m:X<Wﬁ+W%j
2

XY A+ X
Xs = f

(G R LR [
2 ’ -




Rectangular window

Rectangular window 7 € CN with width 2w:

ﬁm:{1WAgm

0 otherwise



DFT of rectangular window



DFT of rectangular window
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DFT of rectangular window
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DFT of rectangular window

A . i27kj
A=Y wmexp(— N)
Jj=—N/2+1
B XW: 2wk’
—J__Wexp N

exp (2Thw) _ exp (_%)




DFT of rectangular window
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DFT of rectangular window
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DFT of rectangular window
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Windowing a real sinusoid

What happens if we window a real sinusoid?

2k*

smzzcos( ) 0<j<N

What is the DFT of y := xs?

$:X<Wﬂ+Ww>
2

XY XY
XS = f

A= KN+ K=k =Ky
' , <k<




DFT of signal
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DFT of windowed signal
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Hann window
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Hann window

The Hann window h € CN of width 2w equals

hij] = {3 (”C"S (”75)) if |j] <w,

otherwise



DFT of Hann window
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Hann window
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DFT of signal
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DFT of Hann window
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DFT of windowed signal

-50 =25

=75

20 A

15 1

10 A

50 75 100

25

—100

Frequency



DFT of windowed signal (rectangular window)
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Time-frequency resolution

Time resolution governed by width of window

Can we just make the window arbitrarily narrow?



Compressing in time dilates in frequency and vice versa

x € L2[—T/2, T/2] is nonzero in a band of width 2w around zero
Let y be such that
y(t) = x(at), forallte[-T/2,T/2],

for some positive real number « such that w/a < T

The Fourier series coefficients of y equal

5} [k] = é <Xa ¢k/o¢>



Proof

T/2
J

—T)2

y(t)exp (

27kt

)dt



Proof




Proof




Proof

VK]

/27rkt> d

i2mkt
x(at)exp <— )

W 2wkt

/T__WX(T)GXP T
< 2wkt

x(T)exp | —
e



Proof
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Time
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Time-frequency resolution

Fundamental trade-off

Uncertainty principle: cannot resolve in time and frequency simultaneously



What have we learned

Effect of temporal windowing in the frequency domain

Trade-off in time-frequency resolution



