Probability and Statistics for Data Science Fall 2020

Covariance matrix

1 The covariance matrix

To summarize datasets consisting of a single feature we can use the mean, median and variance,
and datasets containing two features using the covariance and the correlation coefficient. Here we
consider datasets containing multiple features, where each data point is modeled as a real-valued
d-dimensional vector.

If we model the data as a d-dimensional random vector, its mean is defined as the vector formed
by the means of its components.

Definition 1.1 (Mean of a random vector). The mean of a d-dimensional random vector T is

E(i) := ...> . (1)

Similarly, we define the mean of a matrix with random entries as the matrix of entrywise means.

Definition 1.2 (Mean of a random matrix). The mean of a dy X dy matriz with random entries
X s

B(XL1) E(X12) - B(X[Ld)
b | PR T) E(FR2) E(X[2,d)] o)
E (X, 1)) B(Xd2) - B (X))

Linearity of expectation holds also for random vectors and random matrices.

Lemma 1.3 (Linearity of expectation for random vectors and matrices). Let & a d-dimensional
random vector, and let b € R™ and A € R™*? for some positive integer m, then

E(Az +b) = AE(Z) + b. (3)

Similarly let, X be a dy X dy random matriz, and let B € R™ % gnd A € R™ % for some positive
integer m, then

E(AX + B) = AE(X) + B. (4)
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Proof. We prove the result for vectors, the proof for matrices is the same. The ¢th entry of
E(AZ + b) equals

(Az +b)[i] = E((Az + b)[i]) by definition of the mean for random vectors (5)
_ (Z i i1 ]> ©)

= Z Ali, 71E (2[4]) + bli] by linearity of expectation for scalars (7)

= (AE(z) + b)[i] (8)

[l

We usually estimate the mean of random vectors by computing their sample mean, which equals
the vector of sample means of the entries.

Definition 1.4 (Sample mean of multivariate data). Let X = {x1,29,...,2,} denote a set of
d-dimensional vectors of real-valued data. The sample mean is the entry-wise average

px 1= 2= (9

When manipulating a random vector within a probabilistic model, it may be useful to know the
variance of linear combinations of its entries, i.e. the variance of the random variable (v, Z) for
some deterministic vector v € R%. By linearity of expectation, this is given by

Var (v .CE) =E((v"Z - E("%))?) (10)

E ((v" ())) (11)
v'E (e(@)e(2)") v, (12)

where ¢(%) :=  — E(Z) is the centered random vector. For an example where d = 2 and the mean
of 7 is zero we have,

E (¢(%)c(2)") = E (22") (13)

~E ( ;EH [5[1] :z[2]}) (14)

5 ~:z;[1~]2 :z[~1]:52]]> (15)
\[#a) P

_ | manp E@mw])] (16)
E(@Lz2)  E@E)

| var@n) Cov(~[1],i[2])]' )
| Cov (2[1], 2[2]) Var (Z[2])

This motivates defining the covariance matrix of the random vector as follows.



Definition 1.5 (Covariance matrix). The covariance matriz of a d-dimensional random vector &
is the d x d matriz

% =B (e(7)e(z)7) (18)
Var (2[1]) Cov (Z[1], 2[2]) Cov (Z[1], 2[d])
_ Cov (x[zl], z[2]) Var (a:[2]) - Cov (x[2], z[d]) | (19)
Cov (Z[1], 2[d]) Cov (Z[2], Z[d]) Var (z[d])

where ¢(Z) = & — E(Z).

The covariance matrix encodes the variance of any linear combination of the entries of a random
vector.

Lemma 1.6. For any random vector & with covariance matrix ¥z, and any vector v

Var (v'%) = v" Szv. (20)

Proof. This follows immediately from Eq. (12). ]

Example 1.7 (Cheese sandwich). A deli in New York is worried about the fluctuations in the cost
of their signature cheese sandwich. The ingredients of the sandwich are bread, a local cheese, and
an imported cheese. They model the price in cents per gram of each ingredient as an entry in a
three dimensional random vector z. Z[1], £[2], and Z[3] represent the price of the bread, the local
cheese and the imported cheese respectively. From past data they determine that the covariance
matrix of T is

1 08 0
;=108 1 0]. (21)
0 0 1.2

They consider two recipes; one that uses 100g of bread, 50g of local cheese, and 50g of imported
cheese, and another that uses 100g of bread, 100g of local cheese, and no imported cheese. By
Lemma 1.6 the standard deviation in the price of the first recipe equals

100
T100£[1]+502[2] +507[3] = [100 50 50} Yz | 50 (22)

50
= 153 cents. (23)

The standard deviation in the price of the second recipe equals
100
O 1003{1]+10032] = [100 100 o} % | 100 (24)
0

= 190 cents. (25)
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Figure 1: Canadian cities. Scatterplot of the latitude and longitude of the main 248 cities in
Canada.

Even though the price of the imported cheese is more volatile than that of the local cheese,
adding it to the recipe lowers the variance of the cost because it is uncorrelated with the other
ingredients. JAN

A natural way to estimate the covariance matrix from data is to compute the sample covariance
matrix.

Definition 1.8 (Sample covariance matrix). Let X := {x1,za,...,2,} denote a set of d-dimensional
vectors of real-valued data. The sample covariance matrix equals

n

1
Yy = - ; c(x;)c(x;)T (26)
OXy  OXMXE T OX[UX[
_ UX[I?,X[Q] U%[Q] O'X[2?,X[d] ’ (27>
OX[X[d OXPXd T Oxg
where c(x;) == x; — px for 1 <i<n, X[j| :={x1[j],...,z.l5]} for 1 <j <d, Ugf[i} is the sample

variance of X[i], and oxp) xp;) s the sample covariance of the entries of X[i] and X[j].

Example 1.9 (Canadian cities). We consider a dataset which contains the locations (latitude and
longitude) of major cities in Canada (so d = 2 in this case). Figure 1 shows a scatterplot of the
data. The sample covariance matrix is

5249 —598
SNy = . 28
* [—59.8 53.7] (28)

The latitudes have much higher variance than the longitudes. Latitude and longitude are nega-
tively correlated because people at higher longitudes (in the east) tend to live at lower latitudes
(in the south). A

The data are available at http://https://simplemaps.com/data/ca-cities
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It turns out that just like the covariance matrix encodes the variance of any linear combination
of a random vector, the sample covariance matrix encodes the sample variance of any linear
combination of the data.

Lemma 1.10. For any dataset X = {x1,...,z,} of d-dimensional data and any vector v € R?,
let
Xy ={{v,x1),...,{(v,z,)} (29)
be the set of inner products between v and the elements in X. Then
0%, = v Txv. (30)
Proof.
0'3( :li(vT{L‘i—MX )2 (31)
v n — v
1< 1 i
= — (UTxl - — UTLUj) (32>
e j=1

_ % S elw))? (34)
_ % ST elaelw) o (35)

=T (% Z c(xi)c(a:i)T) v (36)
= v Ty, (37)
[

The component of a random vector lying in a specific direction can be computed by taking their
inner products with a unit-norm vector u pointing in that direction. As a result, by Lemma 1.6
the covariance matrix describes the variance of a random vector in any direction of its ambient
space. Similarly, the sample covariance matrix describes the sample variance of the data in any
direction by Lemma 1.10, as illustrated in the following example.

Example 1.11 (Variance in a specific direction). We consider the question of how the distribution
of Canadian cities varies in specific directions. This can be computed from the sample covariance
matrix. Let us consider a southwest-northeast direction. The positions of the cities in that
direction are given by the inner product of their locations with the unit-norm vector

1 |1
V= 7 [1] . (38)
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Figure 2: Sample variance in southwest-northeast direction. The left scatterplot shows the
centered data from Figure 1, and a fixed direction of the two-dimensional space represented by a
line going through the origin from southwest to northeast. The right plot shows the components
of each data point in the direction of the line and a kernel density estimate. The sample standard
deviation of the components is 15.1.

By Lemma 1.10 we have

. _ 1 1t
0% = \/5[1 1] = ﬂ” (39)
— 229, (40)

so the standard deviation is 15.1. Figure 2 shows the direction of interesting on the scatterplot,
as well as a kernel density estimate of the components of the positions in that direction. Figure 3
shows the sample variance in every possible direction, given by the quadratic form

q(v) :=vTSx, (41)

for all possible unit-norm vectors v. A

2 Principal component analysis

As explained at the end of the last section, the covariance matrix ¥; of a random vector I
encodes the variance of the vector in every possible direction of space. In this section, we consider
the question of finding the directions of maximum and minimum variance. The variance in the
direction of a vector v is given by the quadratic form v ¥;v. By the following fundamental theorem
in linear algebra, quadratic forms are best understood in terms of the eigendecomposition of the
corresponding matrix.

Theorem 2.1 (Spectral theorem for symmetric matrices). If A € R¥? is symmetric, then it has
an eigendecomposition of the form

A O 0
0 A 0 T

A= |uy wuy ud] ? up uz - Ug| (42)
0 O Ad
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Figure 3: Sample variance in different directions. The left plot shows the contours of the
quadratic form v7'¥ xv, where Yy is the sample covariance matrix of the data in Figure 1. The unit
circle, where ||v||, = 1, is drawn in red. The red arrow is a unit vector collinear with the dashed
red line on the left plot of Figure 2. The right plot shows the value of the quadratic function when
restricted to the unit circle. The red dot marks the value of the function corresponding to the
unit vector represented by the red arrow on the left plot. This value is the sample variance of the
data in that direction.

where the eigenvalues A\ > Ay > --- > A\g are real and the eigenvectors uy, us, ..., U, are real
and orthogonal. In addition,

AL = thax o' Ax, (43)
z|[,=1
Uy = arg ”rrhaux1 a Az, (44)
z||y=
Py max TAx, 2<k<d-1, (45)
[lzlly=1,xLuy,..., up—1
up = arg max et Az, 2<k<d-1, (46)

llzlly=1,2Lus,...,ux—1

Ay = min o’ A, (47)

[lzl|y=1,zLu1,..., up—1

Uug = arg min o' Az, (48)

l[olly=1, Lt k1

In order to characterize the variance of a random vector in different directions, we just need to
perform an eigendecomposition of its covariance matrix. The first eigenvector u; is the direction
of highest variance, which is equal to the corresponding eigenvalue. In directions orthogonal to
uy the maximum variance is attained by the second eigenvector us, and equals the corresponding
eigenvalue \y. In general, when restricted to the orthogonal complement of the span of uq, ..., ug
for 1 < k < d — 1, the variance is highest in the direction of the k + 1th eigenvector 1.

Theorem 2.2. Let & be a random vector d-dimensional with covariance matrixz ¥z, and let uq,



cooy Ug, and Ay > ... > Ay denote the eigenvectors and corresponding eigenvalues of YXz. We have

AL = Hrr|1|ax Var(v! &), (49)
v||y=1
uy = arg |\H\1\ax1 Var(v! &), (50)
v 2=
A = max Var(v'7), 2<k<d, (51)
[lv]ls=10Lu,...;up—1
up = arg max Var(v'z), 2<k<d. (52)

llvllo=1vLur,...;up—1

Proof. Covariance matrices are symmetric by definition. The result follows automatically from
Theorem 2.1 and Lemma 1.6. O

We call the directions of the eigenvectors principal directions. The component of the centered
random vector ¢(Z) := & — E(Z) in each principal direction is called a principal component,

peli] i=ule(d), 1<i<d (53)

By Theorem 2.2 the variance of each principal component is the corresponding eigenvalue of the
covariance matrix,

Var (pefi]) = ul Yzu; (54)
=\ (56)

Interestingly, the principal components of a random vectors are uncorrelated, which means that
there is no linear relationship between them.

Lemma 2.3. The principal components of a random vector T are uncorrelated.

Proof. Let u; be the eigenvector of the covariance matrix corresponding to the ith principal com-
ponent. We have

E(pelilpelj]) = E(u; c(@)u; ¢(7)) (57)

= u] E(c(Z)c(2)" )y (58)

= u! Szu; (59)

= \juj u; (60)

=0, (61)

by orthogonality of the eigenvectors of a symmetric matrix. O

In practice, the principal directions and principal components are computed by performing an
eigendecomposition of the sample covariance matrix of the data.

Algorithm 2.4 (Principal component analysis (PCA)). Given a dataset X containing n vectors
T1, %o, ..., T, € R with d features each, where n > d.
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Figure 4: Principal directions. The scatterplots in the left column show the centered data from
Figure 1, and the first (top) and second (bottom) principal directions of the data represented by
lines going through the origin. The right column shows the first (top) and second (bottom) princi-
pal components of each data point and their density. The sample variance of the first component
equals 531 (standard deviation: 23.1). For the second it equals 46.2 (standard deviation: 6.80)

1. Compute the sample covariance matriz of the data Xx.
2. Compute the eigendecomposition of Xx, to find the principal directions uy, ..., ug.
3. Center the data and compute the principal components
peilj] = uJTc(:Ui), 1<i<n,1<j<d, (62)

where ¢(x;) := x; — av(X)

When we perform PCA on a dataset, the resulting principal directions maximize (and minimize)
the sample variance. This again follows from the spectral theorem (Theorem 2.1), in this case

combined with Lemma 1.10.

Theorem 2.5. Let X contain n vectors x1, s, ..., x, € R with sample covariance matriz Xx,
and let uy, ..., ug, and \y > ... > Ay denote the eigenvectors and corresponding eigenvalues of



Yx. We have

Al = max 0%, (63)
lloll,=1
RS 7o (64)
v 2=
k= max 03(, 2<k<d, (65)
[lv]|ls=1,vLu1,...;up—1 v
U = arg max a§(v, 2 <k <d. (66)

[[v|lo=1vLut,...; up—1

Proof. Sample covariance matrices are symmetric by definition. The result follows automatically
from Theorem 2.1 and Lemma 1.10. O

In words, u; is the direction of maximum sample variance, us is the direction of maximum sam-
ple variance orthogonal to uy, and in general wu; is the direction of maximum variation that is
orthogonal to wy, usg, ..., ur_1. The sample variances in each of these directions are given by
the eigenvalues. Figure 4 shows the principal directions and the principal components for the
data in Figure 1. Comparing the principal components to the component in the direction shown
in Figure 2, we confirm that the first principal component has larger sample variance, and the
second principal component has smaller sample variance.

Example 2.6 (PCA of faces). The Olivetti Faces dataset contains 400 64 x 64 images taken from
40 different subjects (10 per subject). We vectorize each image so that each pixel is interpreted
as a different feature. Figure 5 shows the center of the data and several principal directions, to-
gether with the standard deviations of the corresponding principal components. The first principal
components seem to capture low-resolution structure, which account for more sample variance,
whereas the last incorporate more intricate details. A

3 Gaussian random vectors

Gaussian random vectors are a multidimensional generalization of Gaussian random variables.
They are parametrized by a vector and a matrix that are equal to their mean and covariance
matrix (this can be verified by computing the corresponding integrals).

Definition 3.1 (Gaussian random vector). A Gaussian random vector T of dimension d is a
random vector with joint pdf

1 1 T w1
fi(@) = ————exp [~ (@— ) S @ —p) ), (67)
(27)" |5 ( 2 >

where |X| denotes the determinant of Y. The mean vector y € RY and the covariance matriz
¥ € R which is symmetric and positive definite (all eigenvalues are positive), parametrize the
distribution.

Available at http://www.cs.nyu.edu/~roweis/data.html
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Figure 5: The top row shows the data corresponding to three different individuals in the Olivetti
dataset. The sample mean and the principal directions (PD) obtained by applying PCA to the
centered data are depicted below. The sample standard deviation of each principal component is
listed below the corresponding principal direction.
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Figure 6: Contour surfaces of a Gaussian vector. The left image shows a contour plot
of the probability density function of the two-dimensional Gaussian random vector defined in
Example 3.2. The axes align with the eigenvectors of the covariance matrix, and are proportional
to the square root of the eigenvalues, as shown on the right image for a specific contour.

In order to better understand the geometry of the pdf of Gaussian random vectors, we analyze
their contour surfaces. The contour surfaces are sets of points where the density is constant. The
spectral theorem (Theorem 2.1) ensures that ¥ = UAUT, where U is an orthogonal matrix and A
is diagonal, and therefore ¥~! = UA~'UT. Let ¢ be a fixed constant. We can express the contour
surfaces as

c=a"Y (68)
=2TUN U2 (69)
d
(ui x)?
i=1 ¢

The equation corresponds to an ellipsoid with axes aligned with the directions of the eigenvectors.
The length of the ith axis is proportional to y/A;. We have assumed that the distribution is
centered around the origin (u is zero). If p is nonzero then the ellipsoid is centered around .

Example 3.2 (Two-dimensional Gaussian). We illustrate the geometry of the Gaussian proba-
bility distribution function with a two-dimensional example where p is zero and

0.5 —0.3]
= : (71)
—0.3 0.5 |
The eigendecomposition of ¥ yields Ay = 0.8, Ay = 0.2, and
1/v/2 [1/V2
Uy = /\/_ , Uy = /\/_ . (72)
—1/v2 1/v2
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The left plot of Figure 6 shows several contours of the density. The right plot shows the axes for
the contour line

(wfe)  (ude?
A A2 ’
where the density equals 0.24. JAN

(73)

When the entries of a Gaussian random vector are uncorrelated, then they are also independent.
The relationship between the entries is purely linear. This is not the case for most other random
distributions,

Lemma 3.3 (Uncorrelation implies mutual independence for Gaussian random variables). If all
the components of a Gaussian random vector T are uncorrelated, then they are also mutually
independent.

Proof. If all the components are uncorrelated then the covariance matrix is diagonal

g% 0O --- 0
0 Jg o0

Ei: . . . . ; (74>
O 0 --- 03

where o; is the standard deviation of the ith component. Now, the inverse of this diagonal matrix
is just

T
0 % 0
e P ! (75)
I o o ... ULS_
and its determinant is |X| = Hle o2 so that

1 1 S

fi (@) = ——=—=exp (3 (@ =) T (@ =) (76)
(2m)*|%) ( 2 >

(s M) _
H?:l (2m)o; P (; 207 (77)

= : ;ex _M
- g (2m)o; P ( 202 > (78)

= H fay (li]) - (79)

Since the joint pdf factors into the product of the marginals, the entries are all mutually indepen-
dent. O
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A fundamental property of Gaussian random vectors is that performing linear transformations on
them always yields vectors with joint distributions that are also Gaussian. This is a multidimen-
sional generalization of the univariate result. We omit the proof, which is very similar.

Theorem 3.4 (Linear transformations of Gaussian random vectors are Gaussian). Let T be a
Gaussian random vector of dimension d with mean uz and covariance matrix Xz. For any matrix
AcR™ gnd b € R™, §j = A% + b is a Gaussian random vector with mean pz = Apz + b and
covariance matriz Xy = AX; AT, as long as Xy is full rank.

By Theorem 3.4 and Lemma 3.3, the principal components of a Gaussian random vector are
independent. Let ¥ := UAU” be the eigendecomposition of the covariance matrix of a Gaussian
vector . The vector containing the principal components

pc:=U"% (80)

has covariance matrix U7 XU = A, so the principal components are all independent. It is important
to emphasize that this is the case because Z is Gaussian. In most cases, there will be nonlinear
dependencies between the principal components (see Figure 4 for example).

In order to fit a Gaussian distribution to a dataset X := {z1,...,x,} of d-dimensional points, we
can maximize the log-likelihood of the data with respect to the mean and covariance parameters
assuming independent samples,

n 1 . o

 XML) = o TT e (L e - TS (- .

o B = or8 s L= o (=g =" S -] (s
. - T 1 n

arguERg}gngde(w ,LL) (ﬂf M) + 5 Og’ | ( )

=1

The optimal parameters turn out to be the sample mean and the sample covariance matrix (we
omit the proof, which relies heavily on matrix calculus). One can therefore interpret the analysis
described in this chapter as fitting a Gaussian distribution to the data, but— as we hopefully have
made clear— the analysis is meaningful even if the data are not Gaussian.
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